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fragment of lattices of any density and of the 3D symmetry imposed by the weight lattices of
B3 and C3 simple Lie algebras/groups. The continuous interpolations, which are induced by the
discrete expansions, are exemplified and compared for some model functions.
1 Centre de Recherches Mathe´matiques et De´partement de Mathe´matiques et de Statistique, Universite´ de
Montre´al, C. P. 6128 – Centre Ville, Montre´al, H3C 3J7, Que´bec, Canada;
2 Department of Physics, Faculty of Nuclear Sciences and Physical Engineering, Czech Technical University in
Prague, Brˇehova´ 7, 115 19 Prague 1, Czech Republic;
3 MIND Research Institute, Irvine, CA 92617, USA
E-mail: hakova@dms.umontreal.ca, jiri.hrivnak@fjfi.cvut.cz, patera@crm.umontreal.ca
1. Introduction
Four families of functions, depending on three real variables, called here as C−, S−, Ss− and
Sl−functions, are described. Each family is complete within its functional space [15] and orthogonal
when integrated over a finite region F of real Euclidean space R3. Moreover, the functions of each
family are discretely orthogonal on a fraction of a lattice in F of density of our choice and of symmetry
dictated by the simple Lie algebras B3 and C3.
The definition of these functions for any number of variables and some of their properties are described
in [10, 11, 15]. The first two families of functions are also called C− and S−functions. They are well
known as constituents of irreducible characters of compact simple Lie groups. Indeed, the irreducible
characters can be expressed as finite sums of C−functions with integer coefficients called dominant
weight multiplicities. Ratio of two S−functions appears in the Weyl character formula [8]. Two other
families are called Sl− and Ss− functions. Inspired by the Weyl character formula, we can consider so
called hybrid characters, i.e. the ratio of two Sl− or Ss− functions. It is possible to show that they
decompose into the sums of C−functions with integer coefficients. The explicit formulas for coefficients
are in [14].
It is well known that the C−functions play an important role in the definition of Jacobi polynomials
[3, 12, 13]. One can also remark that the characters and the hybrid characters could be derived as special
cases of Jacobi polynomials. However, important insight into the properties of these functions would
have been lost in the generality of the approach. For example, their discrete orthogonality appears to
be outside of that approach, which is a handicap in the world of ever growing amount of digital data.
From our perspective particularly useful are the four families discretized within F . The problem of
discretization of the C− and S−functions, which is now over 20 years old [5, 16, 17, 18], is carried over
to the dicretization of the other two families in [4].
Our motivation for studying these families of functions is guided by ever increasing need to process
three-dimensional digital data. Discrete orthogonality of these functions open new efficient possibilities
for precisely that. Moreover, the 3D symmetry imposed by the weight lattices of B3 and C3 should be
advantageous in describing quantum systems possessing such a symmetry, as well as in some problems
of quantum information theory.
There are two undoubtedly interesting extensions of this work. The first one is to combine pairs of
functions from the present four families into so called E−functions, two-variable generalization of the
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common exponential function are found in [2]. In this way we can find six families of functions, which
again are orthogonal as continuous and also as discrete functions over finite extension of F .
The second possible extension of this work is to three-variables orthogonal polynomials. Curiously,
the extensive literature about the polynomials contains little information about their discretization.
This work opens a way to study these problems.
The paper is organized as follows. Section 2 reviews some basic notations concerning the root systems
and Weyl groups. We present the short and long fundamental domains of the affine Weyl group of B3
and C3. In Section 3 we define four families of orbit functions. In Section 4 we describe in detail orbit
functions Ss− and Sl− including their discrete orthogonality and discrete transforms.
2. Root systems, affine Weyl groups and fundamental domains
2.1. Root systems.
Consider a simple Lie algebra of rank three and its ordered set of simple roots ∆ = (α1, α2, α3). The
set ∆ forms a basis of the three-dimensional real Euclidean space R3 [8, 9] and satisfies certain specific
conditions. There are only two simple Lie algebras of rank three which, with respect to the standard
scalar product 〈·, ·〉, have two different lenghts of their simple roots — B3 and C3. The set ∆ is for
these two cases decomposed into the set of short simple roots ∆s and the set of long simple roots ∆l:
∆ = ∆s ∪∆l. (1)
The set ∆ is usually described by the Coxeter–Dynkin diagram and its corresponding Coxeter matrix M
or, equivalently, by the Cartan matrix C. The vectors called coroots α∨i are defined as renormalizations
of roots: α∨i = 2αi/ 〈αi, αi〉 , i = 1, 2, 3. In addition to the α−basis of simple roots and the α∨−basis,
the following two bases are useful: the weight ω−basis, defined by the relations〈
α∨i , ωj
〉
= δij , i, j ∈ {1, 2, 3},
and the coweight ω∨−basis, given by renormalization as ω∨i = 2ωi/ 〈αi, αi〉 , i = 1, 2, 3.
Standardly, the root lattice Q is the set of all integer linear combinations of the simple roots
Q = Zα1 + Zα2 + Zα3
and the coroot Q∨ lattice is
Q∨ = Zα∨1 + Zα∨2 + Zα∨3 .
The weight lattice and the coweight lattice are given standardly as
P = Zω1 + Zω2 + Zω3, P∨ = Zω∨1 + Zω∨2 + Zω∨3 .
Two important subsets of the weight lattice P are the cone of dominant weights P+ and the cone of
strictly dominant weights P++:
P+ = Z≥0ω1 + Z≥0ω2 + Z≥0ω3 ⊃ P++ = Nω1 + Nω2 + Nω3.
The decomposition (1) induces two subsets of P+ which are crucial for description of the orbit
functions. The first excludes points from P+ which are orthogonal to short roots,
P+s =
{
ω ∈ P+ | (∀α ∈ ∆s)(〈ω, α〉 > 0)
}
(2)
and the second excludes points orthogonal to long roots
P+l =
{
ω ∈ P+ | (∀α ∈ ∆l)(〈ω, α〉 > 0)
}
. (3)
2.2. Affine Weyl groups.
The reflection rα, α ∈ ∆, which fixes the plane orthogonal to α and passing through the origin, is
explicitly written for x ∈ R3 as rαx = x − 〈α, x〉α∨. Weyl group W is a finite group generated by
reflections ri ≡ rαi , i = 1, 2, 3. The system of vectors obtained by the action of W on the set of simple
roots ∆ forms a root system W∆ which contains its unique highest root ξ ∈ W∆. The marks are the
coefficients m1,m2,m3 of the highest root ξ in α−basis, ξ = m1α1 +m2α2 +m3α3.
The affine reflection r0 with respect to this highest root is given by
r0x = rξx+
2ξ
〈ξ, ξ〉 , rξx = x−
2〈x, ξ〉
〈ξ, ξ〉 ξ , x ∈ R
3 .
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The affine Weyl group W aff is generated by reflections from the set R = {r0, r1, r2, r3}. The decompo-
sition (1) induces a decomposition of the generator set R,
R = Rs ∪Rl (4)
where the subsets Rs and Rl are given by
Rs = {rα | rα ∈ ∆s}
Rl = {rα | rα ∈ ∆l} ∪ {r0}.
The affine Weyl group W aff consists of orthogonal transformations from W and of shifts by vectors
from the coroot lattice Q∨. The fundamental domain F of the action of W aff on R3 is a tetrahedron
with vertices
{
0,
ω∨1
m1
,
ω∨2
m2
,
ω∨3
m3
}
.
The set of reflections corresponding to dual roots ∆∨ = (α∨1 , α∨2 , α∨3 ) also generates the Weyl group W .
The system of vectors W∆∨ is a root system and contains the highest dual root η ∈ W∆∨. The dual
marks are the coefficientsm∨1 ,m∨2 ,m∨3 of the dual highest root η in α∨−basis, η = m∨1α∨1 +m∨2α∨2 +m∨3α∨3 .
The dual affine reflection r∨0 with respect to the highest dual root is given by
r∨0 x = rηx+
2η
〈η, η〉 , rηx = x−
2〈x, η〉
〈η, η〉 η , x ∈ R
3 .
The dual affine Weyl group Ŵ aff is generated by reflections from the set R∨ = {r∨0 , r1, r2, r3}, see [5].
The decomposition (1) also induces a decomposition of the generator set R∨,
R∨ = {r∨0 , r1, r2, r3} = Rs∨ ∪Rl∨ (5)
where the subsets Rs∨ and Rl∨ are given by
Rs∨ = {rα | rα ∈ ∆s} ∪ {r∨0 }
Rl∨ = {rα | rα ∈ ∆l} .
The dual affine group Ŵ aff consists of orthogonal transformations from W and of shifts by vectors from
the root lattice Q. The dual fundamental domain F∨ of the action of Ŵ aff on R3 is a tetrahedron with
vertices
{
0, ω1
m∨1
, ω2
m∨2
, ω3
m∨3
}
.
2.3. Short and long fundamental domains.
The boundary of the fundamental domain F consists of points stabilized by the generators from R.
Two types of the boundaries of F are determined by the decomposition (4) — those points which are
stabilized by Rs are collected in the short boundary Hs,
Hs = {a ∈ F | (∃r ∈ Rs)(ra = a)}
and the points stabilized by Rl in the long boundary H l,
H l =
{
a ∈ F | (∃r ∈ Rl)(ra = a)
}
.
The points from F which do not lie on the short boundary form the short fundamental domain F s,
F s = F \Hs
and the points which do not lie on the long boundary form the long fundamental domain F l,
F l = F \H l.
Similarly, the boundary of the dual fundamental domain F∨ consists of points stabilized by the
generators from R∨ and two types of the boundaries of F∨ are determined by the decomposition (5).
The points which are stabilized by Rs∨ are collected in the short dual boundary Hs∨,
Hs∨ =
{
a ∈ F∨ | (∃r ∈ Rs∨)(ra = a)}
and the points stabilized by Rl∨ in the long dual boundary H l∨,
H l∨ =
{
a ∈ F∨ | (∃r ∈ Rl∨)(ra = a)
}
.
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The points from F∨ which do not lie on the short dual boundary form the short dual fundamental
domain F s∨,
F s∨ = F∨ \Hs∨
and the points not on the long dual boundary form the long dual fundamental domain F l∨,
F l∨ = F∨ \H l∨.
2.4. The Lie algebra B3.
For practical purposes, the most convenient way of specifying the root system ∆ and the bases α∨,
ω∨ and ω is to evaluate their coordinates in a fixed orthonormal basis. With respect to the standard
orthonormal basis of R3, these four bases of B3 are of the form
α1 = (1,−1, 0), ω1 = (1, 0, 0), α∨1 = (1,−1, 0), ω∨1 = (1, 0, 0),
α2 = (0, 1,−1), ω2 = (1, 1, 0), α∨2 = (0, 1,−1), ω∨2 = (1, 1, 0),
α3 = (0, 0, 1), ω3 = (
1
2 ,
1
2 ,
1
2), α
∨
3 = (0, 0, 2), ω
∨
3 = (1, 1, 1).
In this setting it holds that 〈α1, α1〉 = 〈α2, α2〉 = 2 and 〈α3, α3〉 = 1, which means that α1, α2 are the
long roots and α3 is the short root of B3 — the decomposition (1) is
∆s = {α3}, ∆l = {α1, α2}.
The short and long subsets (2), (3) of the grid P+ are of the form
P+s = Z≥0ω1 + Z≥0ω2 + Nω3, P+l = Nω1 + Nω2 + Z≥0ω3.
The highest root ξ and the dual highest root η are given as
ξ = α1 + 2α2 + 2α3, η = 2α
∨
1 + 2α
∨
2 + α
∨
3
which determine the fundamental domain F and the dual fundamental domain F∨ explicitly as
F =
{
y1ω
∨
1 + y2ω
∨
2 + y3ω
∨
3 | y0, y1, y2, y3 ∈ R≥0, y0 + y1 + 2y2 + 2y3 = 1
}
,
F∨ =
{
z1ω1 + z2ω2 + z3ω3 | z0, z1, z2, z3 ∈ R≥0, z0 + 2z1 + 2z2 + z3 = 1
}
.
The induced decompositions (4), (5) are of the form
Rs = {r3}, Rl = {r0, r1, r2},
Rs∨ = {r∨0 , r3}, Rl∨ = {r1, r2},
which give the short and the long fundamental domains explicitly
F s =
{
ys1ω
∨
1 + y
s
2ω
∨
2 + y
s
3ω
∨
3 | ys0, ys1, ys2 ∈ R≥0, ys3 ∈ R>0, ys0 + ys1 + 2ys2 + 2ys3 = 1
}
,
F l =
{
yl1ω
∨
1 + y
l
2ω
∨
2 + y
l
3ω
∨
3 | yl0, yl1, yl2 ∈ R>0, yl3 ∈ R≥0, yl0 + yl1 + 2yl2 + 2yl3 = 1
}
,
together with their dual versions
F s∨ =
{
zs1ω1 + z
s
2ω2 + z
s
3ω3 | zs0, zs3 ∈ R>0, zs1, zs2 ∈ R≥0, zs0 + 2zs1 + 2zs2 + zs3 = 1
}
,
F l∨ =
{
zl1ω1 + z
l
2ω2 + z
l
3ω3 | zl0, zl3 ∈ R≥0, zl1, zl2 ∈ R>0, zl0 + 2zl1 + 2zl2 + zl3 = 1
}
.
The α and ω−bases, together with the fundamental domains F , F s and F l of B3 are depicted in
Figure 1.
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Figure 1. The α and ω−bases and the fundamental domain F of B3. The tetrahedron
F without the grey back face, which depicts Hs, is the short fundamental domain F s;
the tetrahedron F without the three unmarked faces is the long fundamental domain F l.
2.5. The Lie algebra C3.
With respect to the standard orthonormal basis of R3, the four bases of C3 are of the form
α1 =
1√
2
(1,−1, 0), ω1 = 1√
2
(1, 0, 0), α∨1 =
√
2 (1,−1, 0), ω∨1 = (
√
2, 0, 0),
α2 =
1√
2
(0, 1,−1), ω2 = 1√
2
(1, 1, 0), α∨2 =
√
2 (0, 1,−1), ω∨2 =
√
2 (1, 1, 0),
α3 = (0, 0,
√
2), ω3 =
1√
2
(1, 1, 1), α∨3 = (0, 0,
√
2), ω∨3 =
1√
2
(1, 1, 1).
In this setting it holds that 〈α1, α1〉 = 〈α2, α2〉 = 1 and 〈α3, α3〉 = 2, which means that α1, α2 are the
short roots and α3 is the long root of C3 — the decomposition (1) is
∆s = {α1, α2}, ∆l = {α3}.
The short and long subsets (2), (3) of the grid P+ are of the form
P+s = Nω1 + Nω2 + Z≥0ω3, P+l = Z≥0ω1 + Z≥0ω2 + Nω3.
The highest root ξ and the dual highest root η are given as
ξ = 2α1 + 2α2 + α3, η = α
∨
1 + 2α
∨
2 + 2α
∨
3
which determine the fundamental domain F and the dual fundamental domain F∨ explicitly as
F =
{
y1ω
∨
1 + y2ω
∨
2 + y3ω
∨
3 | y0, y1, y2, y3 ∈ R≥0, y0 + 2y1 + 2y2 + y3 = 1
}
,
F∨ =
{
z1ω1 + z2ω2 + z3ω3 | z0, z1, z2, z3 ∈ R≥0, z0 + z1 + 2z2 + 2z3 = 1
}
.
The induced decompositions (4), (5) are of the form
Rs = {r1, r2}, Rl = {r0, r3},
Rs∨ = {r∨0 , r1, r2}, Rl∨ = {r3},
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which give the short and the long fundamental domains explicitly
F s =
{
ys1ω
∨
1 + y
s
2ω
∨
2 + y
s
3ω
∨
3 | ys0, ys3 ∈ R≥0, ys1, ys2 ∈ R>0, ys0 + 2ys1 + 2ys2 + ys3 = 1
}
,
F l =
{
yl1ω
∨
1 + y
l
2ω
∨
2 + y
l
3ω
∨
3 | yl0, yl3 ∈ R>0, yl1, yl2 ∈ R≥0, yl0 + 2yl1 + 2yl2 + yl3 = 1
}
,
together with their dual versions
F s∨ =
{
zs1ω1 + z
s
2ω2 + z
s
3ω3 | zs0, zs1, zs2 ∈ R>0, zs3 ∈ R≥0, zs0 + zs1 + 2zs2 + 2zs3 = 1
}
,
F l∨ =
{
zl1ω1 + z
l
2ω2 + z
l
3ω3 | zl0, zl1, zl2 ∈ R≥0, zl3 ∈ R>0, zl0 + zl1 + 2zl2 + 2zl3 = 1
}
.
The α and ω−bases, together with the fundamental domains F , F s and F l of C3 are depicted in
Figure 2.
Figure 2. The α and ω−bases and the fundamental domain F of C3. The tetrahedron
F without the two grey faces, which depict Hs, is the short fundamental domain F s;
the tetrahedron F without the two unmarked faces is the long fundamental domain F l.
3. Orbit functions
3.1. Orbits and stabilizers.
Considering any λ ∈ R3, the stabilizer StabW (λ) of λ is the set StabW (λ) = {w ∈W |wλ = λ} and
its order is denoted by dλ,
dλ ≡ |StabW (λ)|. (6)
For calculation of continuous orthogonality of various types of orbit functions, the number of elements
in the Weyl group W and the volume of the fundamental domain F are needed. Their product |W ||F |
is denoted by K and it holds that (see e.g. [5])
K ≡ |W ||F | =
{
2 for B3
2
√
2 for C3.
(7)
The orbits and the stabilizers on the torus R3/Q∨ are needed for the discrete calculus of orbit
functions. An arbitrarily chosen natural number M controls the density of the grids appearing in this
calculus [5]. The discrete calculus of orbit functions is performed over the finite group 1MP
∨/Q∨. The
finite complement set of weights is taken as the quotient group P/MQ. For any x ∈ R3/Q∨, its orbit
by the action of W is given by Wx =
{
wx ∈ R3/Q∨ |w ∈W} and its order is denoted by ε(x),
ε(x) ≡ |Wx|. (8)
For any λ ∈ P/MQ, its stabilizer Stab∨(λ) by the action of W is given by
Stab∨(λ) = {w ∈W |wλ = λ} .
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and its order is denoted by h∨λ
h∨λ ≡ |Stab∨(λ)|. (9)
Moreover, for calculation of discrete orthogonality of various types of orbit functions, the determinant
of the Cartan matrix detC is needed. The product |W | detC is denoted by k and it holds that (see
e.g. [5])
k ≡ |W | detC = 96, for B3, C3. (10)
3.2. Four types of orbit functions.
The Weyl group W can also be abstractly defined by the presentation of a Coxeter group
r2i = 1, (rirj)
mij = 1, i, j = 1, 2, 3, (11)
where integers mij denote elements of the Coxeter matrix. The Coxeter matrices M of B3 and C3 are
of the form
M(B3) =
1 3 23 1 4
2 4 1
 , M(C3) =
1 4 24 1 3
2 3 1
 . (12)
Crucial tool for defining the orbit functions are ’sign’ homomorphisms σ : W → {±1}. A sign
homomorphism can be defined by prescribing its values on the generators r1, r2, r3 of W . An admissible
mapping has to satisfy the presentation condition (11)
σ(ri)
2 = 1, (σ(ri)σ(rj))
mij = 1, i, j = 1, 2, 3. (13)
Two obvious choices σ(ri) = 1 and σ
e(ri) = −1 for every i ∈ {1, 2, 3} lead to the standard homomor-
phisms 1 and σe with values given for any w ∈W as
1(w) = 1,
σe(w) = detw.
It turns out that for root systems with two different lengths of roots there are two other available
choices [15]. This can also be directly seen for the cases of B3 and C3 — the non-diagonal elements mij
of the Coxeter matrices (12) are even except for the elements corresponding simultaneously to two short
roots or two long roots. Therefore, if we set one value of σ on all the short roots and, independently,
another value for all the long roots, the admissibility condition (13) is still satisfied. Consequently, there
are two more sign homomorphisms, denoted by σs and σl,
σs(rα) =
{
1, α ∈ ∆l
−1, α ∈ ∆s
σl(rα) =
{
1, α ∈ ∆s
−1, α ∈ ∆l.
Each of the sign homomorphisms 1, σe, σs and σl induces a family of complex orbit functions. The
functions in each family are labeled by the weights λ ∈ P and their general form is
ψσλ(a) =
∑
w∈W
σ(w) e2pii〈wλ, a〉, a ∈ R3. (14)
Among the basic general properties of all these families of orbit functions are their invariance with
respect to shifts from q∨ ∈ Q∨
ψσλ(a+ q
∨) = ψσλ(a) (15)
and their invariance or antiinvariance with respect to action of elements from w ∈W
ψσλ(wa) = σ(w)ψ
σ
λ(a) (16)
ψσwλ(a) = σ(w)ψ
σ
λ(a). (17)
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3.3. C− and S−functions.
Choosing σ = 1, so-called C−functions [10] are obtained from (14). Following [5], these functions are
here denoted by the symbol Φλ ≡ ψ1λ. The invariance (15), (16) with respect to the affine Weyl group
W aff allows to consider Φλ only on the fundamental domain F . Similarly, the invariance (17) restricts
the weights λ ∈ P to the set P+. Thus, we have
Φλ(x) =
∑
w∈W
e2pii〈wλ, x〉, x ∈ F, λ ∈ P+.
For the detailed review of C−functions see [10] and references therein. Continuous and discrete orthog-
onality of C−functions Φλ are studied for all rank two cases in detail in [20, 21]. The discretization
properties of C−functions on a finite fragment of the grid 1MP∨ is described in full generality in [5].
Choosing σ = σe, well–known S−functions [11] are obtained from (14). Following [5, 11], these
functions are here denoted by the symbol ϕλ ≡ ψσeλ . The invariance (15) together with the antiinvari-
ance (16) allows to consider ϕλ only on the interior F
◦ of the fundamental domain F . Similarly, the
antiinvariance (17) restricts the weights λ ∈ P to the set P++. Thus, we have
ϕλ(x) =
∑
w∈W
(detw) e2pii〈wλ, x〉, x ∈ F ◦, λ ∈ P++.
For the detailed review of S−functions see [11] and references therein. Continuous and discrete or-
thogonality of S−functions ϕλ are studied for all rank two cases in detail in [22]. The discretization
properties of S−functions on a finite fragment of the grid 1MP∨ is described in full generality in [5].
4. Ss− and Sl−functions
4.1. Ss−functions.
Choosing σ = σs, so–called Ss−functions [15] are obtained from (14). Following [4], these functions
are here denoted by the symbol ϕsλ ≡ ψσ
s
λ . The antiinvariance (16) with respect to the short reflections
rα, α ∈ ∆s together with shift invariance (15) imply zero values of Ss−functions on the boundary Hs,
ϕsλ(a
′) = 0, a′ ∈ Hs.
Therefore, the functions ϕsλ are considered on the fundamental domain F
s = F \ Hs only. Similarly,
the antiinvariance (17) restricts the weights λ ∈ P to the set P+s. Thus, we have
ϕsλ(x) =
∑
w∈W
σs(w) e2pii〈wλ, x〉, x ∈ F s, λ ∈ P+s.
4.1.1. Continuous orthogonality and Ss−transforms. For any two weights λ, λ′ ∈ P+s the corresponding
Ss−functions are orthogonal on F s ∫
F s
ϕsλ(x)ϕ
s
λ′(x) dx = K dλ δλλ′ (18)
where dλ, K are given by (6), (7), respectively. The S
s−functions determine symmetrized Fourier series
expansions,
f(x) =
∑
λ∈P+s
csλϕ
s
λ(x), where c
s
λ =
1
Kdλ
∫
F s
f(x)ϕsλ(x) dx.
4.1.2. Discrete orthogonality and discrete Ss−transforms. The finite set of points is given by
F sM =
1
M
P∨/Q∨ ∩ F s
and the corresponding finite set of weights as
ΛsM = P/MQ ∩MF s∨.
Then, for λ, λ′ ∈ ΛsM , the following discrete orthogonality relations hold,∑
x∈F sM
ε(x)ϕsλ(x)ϕ
s
λ′(x) = kM
3h∨λδλλ′ (19)
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λ ∈ P+ dλ λ ∈ P+ dλ
(a, b, c) 1 (a, b, 0) 2
(a, 0, c) 2 (0, b, c) 2
(a, 0, 0) 8 (0, b, 0) 4
(0, 0, c) 6 (0, 0, 0) 48
Table 1. Orders of stabilizers of λ ∈ P+ for B3 and C3, The coordinates (a, b, c) are in
ω−basis with a, b, c 6= 0.
where ε(x), h∨λ and k are given by (8), (9) and (10), respectively. The discrete symmetrized S
s−function
expansion is given by
f(x) =
∑
λ∈ΛsM
csλϕ
s
λ(x), where c
s
λ =
1
kM3h∨λ
∑
x∈F sM
ε(x)f(x)ϕsλ(x). (20)
4.1.3. Ss−functions of B3. For a point with coordinates in α∨−basis (x, y, z) and a weight with coor-
dinates in ω−basis of (a, b, c), the coressponding Ss−functions are explicitly evaluated as
ϕsλ(x, y, z) = 2i {sin(2pi(ax+ by + cz)) + sin(2pi(−ax+ (a+ b)y + cz))
+ sin(2pi((a+ b)x− by + (2b+ c)z))− sin(2pi(ax+ (b+ c)y − cz))
+ sin(2pi(bx− (a+ b)y + (2a+ 2b+ c)z))− sin(2pi(−ax+ (a+ b+ c)y − cz))
+ sin(2pi(−(a+ b)x+ ay + (2b+ c)z))− sin(2pi((a+ b)x+ (b+ c)y − (2b+ c)z))
− sin(2pi((a+ b+ c)x− (b+ c)y + (2b+ c)z)) + sin(2pi(−bx− ay − (2a+ 2b+ c)z))
− sin(2pi(bx+ (a+ b+ c)y − (2a+ 2b+ c)z))− sin(2pi((b+ c)x− (a+ b+ c)y + (2a+ 2b+ c)z))
− sin(2pi(−(a+ b)x+ (a+ 2b+ c)y − (2b+ c)z))− sin(2pi((a+ 2b+ c)x− (b+ c)y + cz))
− sin(2pi(−(a+ b+ c)x+ ay + (2b+ c)z)) + sin(2pi((a+ b+ c)x+ by − (2b+ c)z))
− sin(2pi(−bx+ (a+ 2b+ c)y − (2a+ 2b+ c)z))− sin(2pi((a+ 2b+ c)x− (a+ b+ c)y + cz)
− sin(2pi(−(b+ c)x− ay + (2a+ 2b+ c)z)) + sin(2pi((b+ c)x+ (a+ b)y − (2a+ 2b+ c)z)
− sin(2pi((b+ c)x− (a+ 2b+ c)y + (2a+ 2b+ c)z))− sin(2pi(−(a+ 2b+ c)x+ (a+ b)y + cz)
+ sin(2pi((a+ 2b+ c)x− by − cz)) + sin(2pi(−(a+ b+ c)x+ (a+ 2b+ c)y − (2b+ c)z)} .
The coefficients dλ of continuous orthogonality relations (18) are given in Table 1. The discrete grid
F sM is given by
F sM =
{
us1
M
ω∨1 +
us2
M
ω∨2 +
us3
M
ω∨3 |us0, us1, us2 ∈ Z≥0, us3 ∈ N, us0 + us1 + 2us2 + 2us3 = M
}
(21)
and the corresponding finite set of weights has the form
ΛsM =
{
ts1ω1 + t
s
2ω2 + t
s
3ω3 | ts0, ts3 ∈ N, ts1, ts2 ∈ Z≥0, ts0 + 2ts1 + 2ts2 + ts3 = M
}
. (22)
The number of points in each of these grids are given as
|F s2k| = |Λs2k| =
1
6
k(k + 1)(2k + 1)
|F s2k+1| = |Λs2k+1| =
1
3
k(k + 1)(k + 2).
The grid F s10 of B3 is depicted in Figure 3. The coefficients ε(x) and h
∨
λ of discrete orthogonality
relations (19) are given in Table 2. Each point x ∈ F sM and each weight λ ∈ ΛsM are represented by the
coordinates [us0, u
s
1, u
s
2, u
s
3] and [t
s
0, t
s
1, t
s
2, t
s
3] from defining equations (21), (22), respectively.
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Figure 3. The grids F s10 and F
l
10 of B3. On the left–hand side are depicted the points
of the grid F s10, given by (21); on the right–hand side are depicted the points of F
l
10,
given by (30).
x ∈ F sM ε(x)
[us0, u
s
1, u
s
2, u
s
3] 48
[0, us1, u
s
2, u
s
3] 24
[us0, 0, u
s
2, u
s
3] 24
[us0, u
s
1, 0, u
s
3] 24
[0, 0, us2, u
s
3] 12
[us0, 0, 0, u
s
3] 8
[0, us1, 0, u
s
3] 8
[0, 0, 0, us3] 2
x ∈ F lM ε(x)
[ul0, u
l
1, u
l
2, u
l
3] 48
[ul0, u
l
1, u
l
2, 0] 24
λ ∈ ΛsM h∨λ
[ts0, t
s
1, t
s
2, t
s
3] 1
[ts0, 0, t
s
2, t
s
3] 2
[ts0, t
s
1, 0, t
s
3] 2
[ts0, 0, 0, t
s
3] 6
λ ∈ ΛlM h∨λ
[tl0, t
l
1, t
l
2, t
l
3] 1
[0, tl1, t
l
2, t
l
3] 2
[tl0, t
l
1, t
l
2, 0] 2
[0, tl1, t
l
2, 0] 4
Table 2. The coefficients ε(x) and h∨λ of B3. All variables u
s
i , t
s
i and u
l
i, t
l
i, i = 0, 1, 2, 3,
are assumed to be natural numbers.
4.1.4. Ss−functions of C3. For a point with coordinates in α∨−basis (x, y, z) and a weight with coor-
dinates in ω−basis of (a, b, c), the coressponding Ss−functions are explicitly evaluated as
ϕsλ(x, y, z) = 2 {cos(2pi(ax+ by + cz))− cos(2pi(−ax+ (a+ b)y + cz))
− cos(2pi((a+ b)x− by + (b+ c)z)) + cos(2pi(ax+ (b+ 2c)y − cz))
+ cos(2pi(bx− (a+ b)y + (a+ b+ c)z))− cos(2pi(−ax+ (a+ b+ 2c)y − cz))
+ cos(2pi(−(a+ b)x+ ay + (b+ c)z))− cos(2pi((a+ b)x+ (b+ 2c)y − (b+ c)z))
− cos(2pi((a+ b+ 2c)x− (b+ 2c)y + (b+ c)z))− cos(2pi(−bx− ay − (a+ b+ c)z))
+ cos(2pi(bx+ (a+ b+ 2c)y − (a+ b+ c)z)) + cos(2pi((b+ 2c)x− (a+ b+ 2c)y + (a+ b+ c)z))
+ cos(2pi(−(a+ b)x+ (a+ 2b+ 2c)y − (b+ c)z)) + cos(2pi((a+ 2b+ 2c)x− (b+ 2c)y + cz))
+ cos(2pi(−(a+ b+ 2c)x+ ay + (b+ c)z))− cos(2pi((a+ b+ 2c)x+ by − (b+ c)z))
− cos(2pi(−bx+ (a+ 2b+ 2c)y − (a+ b+ c)z))− cos(2pi((a+ 2b+ 2c)x− (a+ b+ 2c)y + cz)
− cos(2pi(−(b+ 2c)x− ay + (a+ b+ c)z)) + cos(2pi((b+ 2c)x+ (a+ b)y − (a+ b+ c)z)
− cos(2pi((b+ 2c)x− (a+ 2b+ c)y + (a+ b+ c)z))− cos(2pi(−(a+ 2b+ 2c)x+ (a+ b)y + cz)
+ cos(2pi((a+ 2b+ 2c)x− by − cz)) + cos(2pi(−(a+ b+ 2c)x+ (a+ 2b+ 2c)y − (b+ c)z)} .
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Figure 4. The grids F s10 and F
l
10 of C3. On the left–hand side are depicted the points
of the grid F s10, given by (23); on the right–hand side are depicted the points of F
l
10,
given by (32).
x ∈ F sM ε(x)
[us0, u
s
1, u
s
2, u
s
3] 48
[0, us1, u
s
2, u
s
3] 24
[us0, u
s
1, u
s
2, 0] 24
[0, us1, u
s
2, 0] 12
x ∈ F lM ε(x)
[ul0, u
l
1, u
l
2, u
l
3] 48
[ul0, 0, u
l
1, u
l
2] 24
[ul0, u
l
1, 0, u
l
3] 24
[ul0, 0, 0, u
l
3] 8
λ ∈ ΛsM h∨λ
[ts0, t
s
1, t
s
2, t
s
3] 1
[ts0, t
s
1, t
s
2, 0] 2
λ ∈ ΛlM h∨λ
[tl0, t
l
1, t
l
2, t
l
3] 1
[0, tl1, t
l
2, t
l
3] 2
[tl0, 0, t
l
2, t
l
3] 2
[tl0, t
l
1, 0, t
l
3] 2
[0, 0, tl2, t
l
3] 4
[tl0, 0, 0, t
l
3] 6
[0, tl1, 0, t
l
3] 6
[0, 0, 0, tl3] 24
Table 3. The coefficients ε(x) and h∨λ of C3. All variables u
s
i , t
s
i and u
l
i, t
l
i, i = 0, 1, 2, 3,
are assumed to be natural numbers.
The coefficients dλ of continuous orthogonality relations (18) are given in Table 1. The discrete grid
F sM is given by
F sM =
{
us1
M
ω∨1 +
us2
M
ω∨2 +
us3
M
ω∨3 |us0, us3 ∈ Z≥0, us1, us2 ∈ N, us0 + 2us1 + 2us2 + us3 = M
}
(23)
and the corresponding finite set of weights has the form
ΛsM =
{
ts1ω1 + t
s
2ω2 + t
s
3ω3 | ts0, ts1, ts2 ∈ N, ts0 ∈ Z≥0, ts0 + ts1 + 2ts2 + 2ts3 = M
}
. (24)
The number of points in each of these grids are given as
|F s2k| = |Λs2k| =
1
6
k(k − 1)(2k − 1)
|F s2k+1| = |Λs2k+1| =
1
3
k(k + 1)(k − 1).
The grid F s10 of C3 is depicted in Figure 4. The coefficients ε(x) and h
∨
λ of discrete orthogonality
relations (19) are given in Table 3. Each point x ∈ F sM and each weight λ ∈ ΛsM are represented by
the coordinates [us0, u
s
1, u
s
2, u
s
3] and [t
s
0, t
s
1, t
s
2, t
s
3] from defining equations (23), (24), respectively.
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M=8
M=20 M=40
Figure 5. The graph cut (z = 18) of the function f1 and the graph cuts of the
f1−interpolations IsM of C3 for M = 8, 20 and 40.
4.1.5. Example of Ss− functions interpolation. Consider an arbitrary M ∈ N and let f be a function
sampled on the grid F sM . An f−interpolating function IsM : R3 → C is defined as
IsM (x) =
∑
λ∈ΛsM
csλϕ
s
λ(x), (25)
where coefficients csλ ∈ C are calculated from (20). As a specific example of a model function, consider
the following smooth characteristic function
fα,β,x0,y0,z0(x, y, z) =

1 if r < α ,
0 if r > β ,
e exp
((
r − α
β − α
)2
− 1
)−1
otherwise ,
(26)
where α, β, x0, y0, z0 ∈ R and r =
√
(x0 − x)2 + (y0 − y)2 + (z0 − z)2. The parameters in (26) are set
to the values (α, β) = ( 120 ,
1
9) and (x0, y0, z0) = (
11
20 ,
1
3 ,
1
8). The resulting function is denoted by f1 and
sampled on the grid F sM of C3. Fixing the third coordinate z =
1
8 , Figure 5 shows graph cuts of f1
and the f1−interpolating functions IsM for M = 8, 20 and 40. Integral error estimates of the form∫
F s |f1 − IsM |2 dx are listed in Table 4.
4.2. Sl−functions.
Choosing σ = σl, so–called Sl−functions [15] are obtained from (14). Following [4], these functions
are here denoted by the symbol ϕlλ ≡ ψσ
l
λ . The antiinvariance (16) with respect to the long reflections
rα, α ∈ ∆l together with shift invariance (15) imply zero values of Sl−functions on the boundary H l,
ϕlλ(a
′) = 0, a′ ∈ H l.
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Therefore, the functions ϕlλ are considered on the fundamental domain F
l = F \H l only. Similarly, the
antiinvariance (17) restricts the weights λ ∈ P to the set P+l. Thus, we have
ϕlλ(x) =
∑
w∈W
σl(w) e2pii〈wλ, x〉, x ∈ F l, λ ∈ P+l.
4.2.1. Continuous orthogonality and Sl−transforms. For any two weights λ, λ′ ∈ P+l the corresponding
Sl−functions are orthogonal on F l ∫
F l
ϕlλ(x)ϕ
l
λ′(x) dx = K dλ δλλ′ (27)
where dλ, K are given by (6), (7), respectively. The S
l−functions determine symmetrized Fourier series
expansions,
f(x) =
∑
λ∈P+l
clλϕ
l
λ(x), where c
l
λ =
1
Kdλ
∫
F l
f(x)ϕlλ(x) dx.
4.2.2. Discrete orthogonality and discrete Sl−transforms. The finite set of points is given by
F lM =
1
M
P∨/Q∨ ∩ F l
and the corresponding finite set of weights as
ΛlM = P/MQ ∩MF l∨.
Then, for λ, λ′ ∈ ΛlM , the following discrete orthogonality relations hold,∑
x∈F lM
ε(x)ϕlλ(x)ϕ
l
λ′(x) = kM
3h∨λδλλ′ (28)
where ε(x), h∨λ and k are given by (8), (9) and (10), respectively. The discrete symmetrized S
l−function
expansion is given by
f(x) =
∑
λ∈ΛlM
clλϕ
l
λ(x), where c
l
λ =
1
kM3h∨λ
∑
x∈F lM
ε(x)f(x)ϕlλ(x). (29)
4.2.3. Sl−functions of B3. For a point with coordinates in α∨−basis (x, y, z) and a weight with coor-
dinates in ω−basis of (a, b, c), the coressponding Sl−functions are explicitly evaluated as
ϕlλ(x, y, z) = 2 {cos(2pi(ax+ by + cz))− cos(2pi(−ax+ (a+ b)y + cz))
− cos(2pi((a+ b)x− by + (2b+ c)z)) + cos(2pi(ax+ (b+ c)y − cz))
+ cos(2pi(bx− (a+ b)y + (2a+ 2b+ c)z))− cos(2pi(−ax+ (a+ b+ c)y − cz))
+ cos(2pi(−(a+ b)x+ ay + (2b+ c)z))− cos(2pi((a+ b)x+ (b+ c)y − (2b+ c)z))
− cos(2pi((a+ b+ c)x− (b+ c)y + (2b+ c)z))− cos(2pi(−bx− ay − (2a+ 2b+ c)z))
+ cos(2pi(bx+ (a+ b+ c)y − (2a+ 2b+ c)z)) + cos(2pi((b+ c)x− (a+ b+ c)y + (2a+ 2b+ c)z))
+ cos(2pi(−(a+ b)x+ (a+ 2b+ c)y − (2b+ c)z)) + cos(2pi((a+ 2b+ c)x− (b+ c)y + cz))
+ cos(2pi(−(a+ b+ c)x+ ay + (2b+ c)z))− cos(2pi((a+ b+ c)x+ by − (2b+ c)z))
− cos(2pi(−bx+ (a+ 2b+ c)y − (2a+ 2b+ c)z))− cos(2pi((a+ 2b+ c)x− (a+ b+ c)y + cz)
− cos(2pi(−(b+ c)x− ay + (2a+ 2b+ c)z)) + cos(2pi((b+ c)x+ (a+ b)y − (2a+ 2b+ c)z)
− cos(2pi((b+ c)x− (a+ 2b+ c)y + (2a+ 2b+ c)z))− cos(2pi(−(a+ 2b+ c)x+ (a+ b)y + cz)
+ cos(2pi((a+ 2b+ c)x− by − cz)) + cos(2pi(−(a+ b+ c)x+ (a+ 2b+ c)y − (2b+ c)z)} .
The coefficients dλ of continuous orthogonality relations (27) are given in Table 1. The discrete grid
F lM is given by
F lM =
{
ul1
M
ω∨1 +
ul2
M
ω∨2 +
ul3
M
ω∨3 |ul0, ul1, ul2 ∈ N, ul3 ∈ Z≥0, ul0 + ul1 + 2ul2 + 2ul3 = M
}
(30)
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and the corresponding finite set of weights has the form
ΛlM =
{
tl1ω1 + t
l
2ω2 + t
l
3ω3 | tl0, tl3 ∈ Z≥0, tl1, tl2 ∈ N, tl0 + 2tl1 + 2tl2 + tl3 = M
}
. (31)
The number of points in each of these grids are given as
|F l2k| = |Λl2k| =
1
6
k(k − 1)(2k − 1)
|F l2k+1| = |Λl2k+1| =
1
3
k(k + 1)(k − 1).
The grid F l10 of B3 is depicted in Figure 3. The coefficients ε(x) and h
∨
λ of discrete orthogonality
relations (28) are given in Table 2. Each point x ∈ F lM and each weight λ ∈ ΛlM are represented by the
coordinates [ul0, u
l
1, u
l
2, u
l
3] and [t
l
0, t
l
1, t
l
2, t
l
3] from defining equations (30), (31), respectively.
4.2.4. Sl−functions of C3. For a point with coordinates in α∨−basis (x, y, z) and a weight with coor-
dinates in ω−basis of (a, b, c), the coressponding Sl−functions are explicitly evaluated as
ϕlλ(x, y, z) = 2i {sin(2pi(ax+ by + cz)) + sin(2pi(−ax+ (a+ b)y + cz))
+ sin(2pi((a+ b)x− by + (b+ c)z))− sin(2pi(ax+ (b+ 2c)y − cz))
+ sin(2pi(bx− (a+ b)y + (a+ b+ c)z))− sin(2pi(−ax+ (a+ b+ 2c)y − cz))
+ sin(2pi(−(a+ b)x+ ay + (b+ c)z))− sin(2pi((a+ b)x+ (b+ 2c)y − (b+ c)z))
− sin(2pi((a+ b+ 2c)x− (b+ 2c)y + (b+ c)z)) + sin(2pi(−bx− ay − (a+ b+ c)z))
− sin(2pi(bx+ (a+ b+ 2c)y − (a+ b+ c)z))− sin(2pi((b+ 2c)x− (a+ b+ 2c)y + (a+ b+ c)z))
− sin(2pi(−(a+ b)x+ (a+ 2b+ 2c)y − (b+ c)z))− sin(2pi((a+ 2b+ 2c)x− (b+ 2c)y + cz))
− sin(2pi(−(a+ b+ 2c)x+ ay + (b+ c)z)) + sin(2pi((a+ b+ 2c)x+ by − (b+ c)z))
− sin(2pi(−bx+ (a+ 2b+ 2c)y − (a+ b+ c)z))− sin(2pi((a+ 2b+ 2c)x− (a+ b+ 2c)y + cz)
− sin(2pi(−(b+ 2c)x− ay + (a+ b+ c)z)) + sin(2pi((b+ 2c)x+ (a+ b)y − (a+ b+ c)z)
− sin(2pi((b+ 2c)x− (a+ 2b+ c)y + (a+ b+ c)z))− sin(2pi(−(a+ 2b+ 2c)x+ (a+ b)y + cz)
+ sin(2pi((a+ 2b+ 2c)x− by − cz)) + sin(2pi(−(a+ b+ 2c)x+ (a+ 2b+ 2c)y − (b+ c)z)} .
The coefficients dλ of continuous orthogonality relations (27) are given in Table 1. The discrete grid
F lM is given by
F lM =
{
ul1
M
ω∨1 +
ul2
M
ω∨2 +
ul3
M
ω∨3 |ul0, ul3 ∈ N, ul1, ul2 ∈ Z≥0, ul0 + 2ul1 + 2ul2 + ul3 = M
}
(32)
and the corresponding finite set of weights has the form
ΛlM =
{
tl1ω1 + t
l
2ω2 + t
l
3ω3 | tl0, tl1, tl2 ∈ Z≥0, tl3 ∈ N, tl0 + tl1 + 2tl2 + 2tl3 = M
}
. (33)
The number of points in each of these grids are given as
|F l2k| = |Λl2k| =
1
6
k(k + 1)(2k + 1)
|F l2k+1| = |Λl2k+1| =
1
3
k(k + 1)(k + 2).
The grid F l10 of C3 is depicted in Figure 4. The coefficients ε(x) and h
∨
λ of discrete orthogonality
relations (28) are given in Table 3. Each point x ∈ F lM and each weight λ ∈ ΛlM are represented by the
coordinates [ul0, u
l
1, u
l
2, u
l
3] and [t
l
0, t
l
1, t
l
2, t
l
3] from defining equations (32), (33), respectively.
4.2.5. Example of Sl− functions interpolation. Consider an arbitrary M ∈ N and let f be a function
sampled on the grid F lM . An f−interpolating function I lM : R3 → C is defined as
I lM (x) =
∑
λ∈ΛlM
clλϕ
l
λ(x), (34)
where coefficients clλ ∈ C are calculated from (29). The parameters in (26) are set to the values (α, β) =
( 120 ,
1
9) and (x0, y0, z0) = (
1
2 ,
1
3 ,
1
8) and the resulting function, denoted by f2, is sampled on the grid F
l
M
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M=8
M=20 M=40
Figure 6. The graph cut (z = 18) of the function f2 and the graph cuts of the
f2−interpolations I lM of B3 for M = 8, 20 and 40.
M
∫
F s |f1 − IsM |2 dx
∫
F l |f2 − I lM |2 dx
8 2162, 5× 10−6 574, 87× 10−6
16 350, 62× 10−6 202, 74× 10−6
24 77, 45× 10−6 57, 16× 10−6
32 32, 14× 10−6 13, 07× 10−6
40 15, 88× 10−6 12, 73× 10−6
Table 4. Integral error estimates of the interpolations IsM ans I
l
M .
of B3. Fixing the third coordinate z =
1
8 , Figure 6 shows graph cuts of f2 and the f2−interpolating
functions I lM for M = 8, 20 and 40. Integral error estimates of the form
∫
F l |f2 − I lM |2 dx are listed in
Table 4.
5. Concluding Remarks
• C− and S−functions are related by the well known Weyl character formula [8] for irreducible
representations of compact semisimple Lie groups. Let χλ be the character of an irreducible
representation of the group G with the highest root λ. Then we have
χλ(x) =
∑
µ∈P+
mλµΦµ(x) =
ϕλ+ρ(x)
ϕρ(x)
,
where Φλ and ϕλ are the orbit functions related to the Weyl group W of G, ρ is the half sum of
positive roots in the root system of W . The numbers mλµ are the multiplicities of the dominant
16 L. HA´KOVA´, J. HRIVNA´K, AND J. PATERA
weights µ in the weight system of the irreducible representations with the highest weight λ.
Extensive tables of the multiplicities for simple Lie groups up to rank 12 can be found in [17].
• The product of two Ss−functions or two Sl−functions of B3 or of C3, with the same arguments
x ∈ R3 but with different weights λ and λ′, decomposes into the sum of C−functions:
ϕsλ(x) · ϕsλ′(x) =
∑
w∈W
σs(w)Φλ+wλ′(x), ϕ
l
λ(x) · ϕlλ′(x) =
∑
w∈W
σl(w)Φλ+wλ′(x).
• The two examples of interpolation show promising behaviour of the f−interpolating functions
IsM and I
l
M . Visual inspection as well as the integral error estimates of the interpolations of
the model functions f1 and f2 lead to the qualitative conclusion that the interpolation error is
rather small once the minimal distances of the lattice grids become smaller than the diameters β
of the 3D jumps of the model functions. The existence of general conditions for the convergence
of the functional series {IsM}∞M=1, {I lM}∞M=1 deserves further study.
• The C−, S−, Ss−, Sl−functions of C3 are directly related to the special functions known as
(anti)symmetric trigonometric functions [12]; similar symmetrized functions are studied in [1].
These four types of functions are denoted in [12] by sin±λ (x) and cos
±
λ (x) and are obtained as
determinants or permanents of the matrices (sin 2piλixj)
3
i,j=1 and (cos 2piλixj)
3
i,j=1, respectively.
Taking the variables (x1, x2, x3) ≡ x and (λ1, λ2, λ3) ≡ λ in the standard orthonormal basis of
C3, the following relations hold
Φλ(x) = 8 cos
+
λ (x), ϕλ(x) = −8i sin−λ (x), ϕsλ(x) = 8 cos−λ (x), ϕlλ(x) = −8i sin+λ (x).
The discrete Fourier calculus of these functions is, however, performed here on different grids
than those in [12].
• The C−, S−, Ss−, Sl−functions of B3 are also related to the special functions from [6]. They
can be obtained by adding one additional symmetry to the functions TCk(t), TSk(t), which are
defined in [6] as scalar multiples of C− and S− functions of the algebra A3. Taking the variables
(x1, x2, x3) ≡ x and (λ1, λ2, λ3) ≡ λ in the standard orthonormal basis of B3 and homogeneous
coordinates t, k of x and λ, defined by equation (3.2) in [6], we obtain
Φλ(x) = 24(TCk(4t) + TC−k(4t)), ϕλ(x) = −24(TSk(4t)− TS−k(4t)),
ϕsλ(x) = 24(TCk(4t)− TC−k(4t)), ϕlλ(x) = −24(TSk(4t) + TS−k(4t)).
• Gaussian cubature formula, built on Chebyshev polynomials of the second kind (equivalently,
the characters of A1), is known to lead to optimal interpolation of polynomial functions of one
variable [23]. Analogous result extended to n-variable functions with underlying An-symmetry
is known [7]. Recently it has been further extended to simple Lie groups of all types [19].
A curious question, which has not yet been answered, is about possibilities to build cubature
formulas using the hybrid characters of B3, C3 and other higher rank simple Lie groups.
• Hybrid characters have other intriguing properties, even if at present we may have no application
for them. It is known that characters of finite dimensional representations of compact simple
Lie groups contain finite number of conjugacy classes of elements, represented by discrete points
in F , with the following property. Character values at such points in F are integers for any
representation of the Lie group [17]. The simplest example is the identity element. Its characters
are the dimensions of the representations. It was shown in [24] that this property carries over
to the C-functions. Hence it carries over to the hybrid characters. At which point it happens
and what are the character values at these points?
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